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Abstract
We prove a continuous selection theorem for quasi-lower semicontinuous mappings with values that are
closed sub-admissible subsets of a hyperconvex metric space and apply this result to obtain fixed point
theorems in these spaces.
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1. Introduction
The selection and approximate selection results of Michael [10] for lower semicontinuous
multivalued mappings with convex values in a Banach space have been extended to include
spaces with a generalized definition of convexity such as the H-spaces, and multivalued map-
pings with a weaker notion of lower semicontinuity (see, for example, [3,5,7,12,14,15,17]). The
following approximate selection theorem is an example of such results in an l.c.-space [5], which
is a special case of an H-space [2,4,5].
Theorem A. [14, Theorem 3.1] Let Y be an l.c.-space with a uniformity U and let X be a para-
compact topological space. If F :X → 2Y is a quasi-lower semicontinuous multivalued mapping
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that
F(x) ∩ V (f (x)) = ∅ for each x ∈ X.
In the sequel we show that by restricting consideration to mappings with values in hypercon-
vex metric spaces (which are a special case of an l.c.-space [6]), that Theorem A can be used to
prove a continuous selection result for mappings that are quasi-lower semicontinuous and have
values in the family of sub-admissible subsets of hyperconvex spaces. Our selection theorem is
similar to a result in [16], where their mapping satisfies a local intersection property that is more
restrictive than the quasi-lower semicontinuity assumed here.
2. Definitions
A metric space (M,d) is hyperconvex if given any family {xα: α ∈ I } of points in M and any
family {rα} of non-negative real numbers satisfying d(xα, xβ) rα + rβ for all α,β ∈ I , then⋂
B(xα, rα) = ∅, where B(x, r) =
{
y ∈ M: d(x, y) r}.
Hyperconvex metric spaces were introduced in [1].
The admissible subsets of M are sets of the form
⋂
B(xα, rα), i.e., the family of ball intersec-
tions in M . We denote the family of nonempty admissible sets by A(M). For a subset X of M ,
Nε(X) denotes the closed ε-hull of X, i.e., Nε(X) = {x ∈ M: d(x,X) ε}. If X is an admissible
set, then Nε(X) is also an admissible set [9,13].
If X is a nonempty subset of M , we define
co(X) =
⋂
{B: B is a closed ball in M and A ⊂ B}.
A set X is called sub-admissible if for each finite subset Y of X, co(Y ) ⊂ X. We denote the
family of nonempty closed sub-admissible subsets of M by SA(M).
If U , V are closed bounded subsets of M , let D be the Hausdorff metric defined as
D(U,V ) = inf{ε > 0: U ⊂ Nε(V ) and V ⊂ Nε(U)}.
We let
d(x,X) = infyεX d(x, y) for any subset X of M.
Let X be a topological space, Y a metric space and F : X → Y be a multivalued mapping. F is
said to be quasi-lower semicontinuous if for each x ∈ X and for ε > 0 there is a point z ∈ F(x)
and a neighborhood U(x) of x such that for each y ∈ U(x), F(y) ∩ B(z, ε) = ∅. In this setting
any lower semicontinuous mapping is quasi-lower semicontinuous [14].
3. A continuous selection result
Lemma. Let X be a paracompact topological space, (M,d) a hyperconvex metric space,
F :X → SA(M) a quasi-lower semicontinuous mapping, and g :X → M a continuous mapping
such that B(g(x), δ) ∩ F(x) = ∅ for any x ∈ M and a fixed δ > 0. Then, B(g(·), δ) ∩ F(·) is a
quasi-lower semicontinuous mapping of X into SA(M).
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there is a neighborhood U(x) of x and a point z ∈ F(x) such that B(z, ε) ∩ F(y) = ∅ and
D
(
B
(
g(y), δ
)
,B
(
g(x), δ
))
 d
(
g(x), g(y)
)
< ε/2 for each y ∈ U(x). (1)
For each y ∈ U(x) such that y = x we construct an admissible set G(y) ⊂ F(y) as follows:
choose w1 ∈ B(z, ε) ∩ F(y) and w2 ∈ B(g(y), δ) ∩ F(y), define G :X → A(M) by G(y) =
co(w1,w2), and let G(x) = F(x).
We claim that[ ⋂
y∈U(x)
Nε
(
B
(
g(y), δ
))]∩
[ ⋂
y∈U(x)
Nε
(
G(y)
)]∩ B(g(x), δ)∩ F(x) = ∅, (2)
since each of the terms are admissible sets and have pairwise nonempty intersection. Indeed, for
any y1 and y2 ∈ U(x),
• Nε(B(g(y1), δ)) ∩ Nε(B(g(y2), δ)) = ∅ since both terms contain B(g(x), δ);
• Nε(G(y1)) ∩ Nε(G(y2)) = ∅ since both sets contain the point z; and
• Nε(B(g(y1), δ))∩Nε(G(y2)) = ∅ since by (1), B(g(y2), δ) ⊂ Nε(B(g(y1), δ)), and G(y2)∩
B(g(y2), δ) = ∅.
This shows that the two bracketed terms in (2) are nonempty and have nonempty intersection
with each other.
Now consider the intersection of these two terms with B(g(x), δ) and F(x). Since B(g(x), δ)
is a member of the first term in (2), by what has just been proved it has nonempty intersection
with both terms. Similarly, since F(x) is a member of the second term in (2), it also has nonempty
intersection with both terms.
If u is in the intersection (2), then u ∈ B(g(x), δ)∩F(x), and B(g(y), δ)∩G(y)∩B(u, ε) = ∅,
for each y ∈ U(x). This shows that B(g(·), δ) ∩ F(·) is a quasi-lower semicontinuous map-
ping. 
Theorem 1. Let X be a paracompact topological space, (M,d) a hyperconvex metric space and
F :X → SA(M) a quasi-lower semicontinuous mapping. Then, F has a continuous selection;
i.e., there is a continuous mapping f :X → M such that f (x) ∈ F(x) for each x ∈ X.
Proof. Our proof follows that in [17, Theorem 2.4]. We claim there is a sequence of continuous
mappings fn :X → M such that {fn} converges uniformly to a mapping f :X → M and f (x) ∈
F(x) for each x ∈ X. By Theorem A, there is a continuous mapping f1 :X → M such that
d(f1(x),F (x)) < 1/2 for each x ∈ X. Assuming that f1, . . . , fn are chosen, define the mapping
Gn+1 :X → SA(M) by
Gn+1(x) = B
(
fn(x),2−n
)∩ Gn(x), for each x ∈ X, where G1(x) = F(x).
By the lemma, Gn+1 is a quasi-lower semicontinuous mapping so there is a continuous mapping
fn+1 :X → M such that d(fn+1(x),Gn+1(x)) < 2−n−1, and therefore,
d
(
fn+1(x),F (x)
)
< 2−n−1. (1)
By their construction, for each x ∈ X the mappings {fn} satisfy
d
(
fn+1(x), fn(x)
)
< 2−n + 2−n−1 < 2−n+1. (2)
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gn(x) ∈ F(x) and d
(
fn(x), gn(x)
)
< 2−n. (3)
The inequalities (2) and (3) imply that for each x ∈ X, d(gn+1(x), gn(x)) < 2−n+3 and so for
each natural number p, d(gn+p(x), gn(x)) < 2−n+4. Since each F(x) is complete there is a map-
ping f :X → M such that {gn} converges pointwise to f , f (x) ∈ F(x) and d(f (x), gn(x)) <
2−n+4 for all x ∈ X. This and (3) imply that {fn} uniformly converges to f on X, and f is the
desired continuous selection for F . 
4. Fixed point theorems
Theorem 2. Assume (M,d) is a hyperconvex metric space, X ∈ A(M) a compact subset of M
and F :X → SA(X) is a quasi-lower semicontinuous mapping. Then, F has a fixed point; i.e.,
there is an x ∈ X such that x ∈ F(x).
Proof. Because F is a quasi-lower semicontinuous mapping, Theorem 1 implies it has a con-
tinuous selection f . By [8,11] a continuous self-mapping of a compact admissible subset of a
hyperconvex metric space has a fixed point x ∈ f (x). Since f is a selection of F , x ∈ F(x) is
the desired fixed point. 
Theorem 3. Let (M,d) be a hyperconvex metric space, X ∈ A(M) a compact subset of M and
F :X → SA(M) a quasi-lower semicontinuous mapping. If F(x) ∩ X = ∅ for each x ∈ X, then
F has a fixed point; i.e., there is an x ∈ X such that x ∈ F(x).
Proof. Since F is a quasi-lower semicontinuous mapping, for any x ∈ X and ε > 0 there is
a z ∈ F(x) and a neighborhood U(x) of x such that F(y) ∩ B(z, ε) = ∅ for each y ∈ U(x).
As in the proof of the lemma, for each y ∈ U(x) such that y = x we construct an admissible set
G(y) ⊂ F(y) as follows: choose w1 ∈ B(z, ε)∩F(y) and w2 ∈ X∩F(y), let G(y) = co(w1,w2)
and G(x) = F(x). Then, ⋂y∈U(x) Nε(G(y)) = ∅ since each term contains the point z, and by
definition of G(y), Nε(G(y)) ∩ F(x) = ∅ and G(y) ∩ X = ∅ for each y ∈ U(x). It follows that⋂
y∈U(x)
Nε
(
G(y)
)∩ F(x) ∩ X = ∅. (2)
For a point u in the intersection (2), we have u ∈ F(x) ∩ X, and G(y) ∩ X ∩ B(u, ε) = ∅,
for each y ∈ U(x). This implies that F(·) ∩ X is a quasi-lower semicontinuous mapping. Now
apply Theorem 1 to obtain a continuous selection f :X → X such that f (x) ∈ F(x)∩X for each
x ∈ X. Since X is a compact set, f has a fixed point that is also a fixed point of F . 
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